The filling volume functions of the n-th quaternionic Heisenberg group grow, up to dimension n, as fast as the ones of the Euclidean space. We identify the growth rate of the filling volume function in dimension n + 1, which is strictly faster than the growth rate of the (n + 1)-dimensional filling volume function of the Euclidean space.
Introduction
In general, isoperimetric inequalities delimit the maximal volume needed to fill a boundary of a given volume. Different types of isoperimetric inequalities arise by specifying restrictions for the boundaries and fillings. An interesting class of such isoperimetric inequalities is formed by the filling volume functions. These describe the difficulty to fill Lipschitz cycles by Lipschitz chains. In [3] we proved an Euclidean behaviour for the filling volume function in dimension m + 1 of the n-th quaternionic Heisenberg group H n H for m ∈ {1, . . . , n − 1}, i.e. it grows like l (m+1)/m . The known results for the filling volume functions of the complex Heisenberg group H n C , see [7] and [8] , suggest a growth like l (n+2)/n for the filling volume function of H n H in dimension n + 1. Our technique in [3] could only confirm the super-Euclidean behaviour without telling the exact growth. Now we can determine the growth rate: This theorem was part of the author's dissertation [4] at the Karlsruhe Institute of Technology.
Filling volume functions and Heisenberg groups 2.1 Filling volume functions
Filling volume functions describe the difficulty to fill a Lipschitz cycle of a given mass by a Lipschitz chain. In the following let X be a metric space and m ∈ N. Further we denote by vol m the m-dimensional Hausdorffmeasure of X and by ∆ m we denote the m-simplex equipped with an Euclidean metric.
H
A Lipschitz m-chain a in X is a (finite) formal sum a = ∑ j z j α j of Lipschitz maps α j : ∆ m → X with coefficients z j ∈ Z. The boundary of a Lipschitz m-chain a = ∑ j z j α j is defined as the Lipschitz (m − 1)-chain
where ∆ m i denotes the i-th face of ∆ m . A Lipschitz m-chain a with zero-boundary, i.e. ∂a = 0, is called a Lipschitz m-cycle. A filling of a Lipschitz m-cycle a is a Lipschitz (m + 1)-chain b with boundary ∂b = a. We define the mass of a Lipschitz m-chain a as the total volume of its summands:
If X is a Riemannian manifold, the volume of such a summand is given by vol m (α j ) = ∫ ∆ m J α j dλ, where dλ denotes the m-dimensional Lebesgue-measure and J α j is the Jacobian of α j . This is well defined, because Lipschitz maps are, by Rademacher's Theorem, almost everywhere differentiable.
Given an m-cycle, one is interested in fillings with the smallest mass. In the next step one can vary the cycle and examine how large the ratio between the mass of an optimal filling and the mass of the cycle can get. This leads to a family of invariants of the space X, the filling volume functions:
Definition. Let n ∈ N and let X be an n-connected metric space. For m ≤ n the (m + 1)-dimensional filling volume function of X is given by
where the infimum is taken over all (m +1)-chains b with ∂b = a and the supremum is taken over all m-cycles a with mass(a) ≤ l.
As we are mostly interested in the large scale geometry of the space X, the exact description of the filling volume functions is less important to us. Indeed we only look at the asymptotic behaviour of the functions. We do this by the following equivalence relation, which makes the growth rate of the filling volume functions a quasi-isometry invariant.
Definition. Let f, g :
If f ≼ g and g ≼ f we write f ∼ g. This defines an equivalence relation.
We read f ≼ g as "f is bounded from above by g" respectively "g is bounded from below by f " according whether we are more interested in f or g. Any two left-invariant Riemannian metrics on a Lie group are Lipschitz-equivalent. So, by the above proposition, the behaviour of the filling volume functions of a Lie group equipped with a left-invariant Riemannian metric does not depend on the choice of this metric. Now we consider the filling volume functions of the n-dimensional Euclidean space. They were first computed by Federer and Fleming in [2] .
Example. The filling volume functions of the Euclidean space E n are
This allows to use the terms Euclidean, sub-Euclidean and super-Euclidean filling volume function for filling volume functions with the same, with strictly slower respectively with strictly faster growth rate than l (m+1)/m . The following theorem generalises the Euclidean case to spaces with non-positive curvature; for a proof see [5] . We are interested in this, because the fact that a Riemannian manifold with non-positive curvature has Euclidean or sub-Euclidean filling volume functions in all dimensions yields a sufficient criterion for positive curvature: If M is a Riemannian manifold with a super-Euclidean filling volume function in some dimension, then M cannot be of non-positive curvature.
Heisenberg groups
The complex Heisenberg group H n C is a higher-dimensional analogue of the classical 3-dimensional Heisenberg group
Equipped with a left invariant Riemannian metric it appears as a horosphere in the complex-hyperbolic space SU(n, 1)/ S(U(n) × U(1)). As an abstract Lie group it can be defined as follows:
Definition. The n-th complex Heisenberg group H n C is the unique simply connected Lie group with Lie algebra h n C generated by
for all m ∈ {1, . . . , n} and with all other brackets of generators equal to zero. This is a 2-step nilpotent Lie group of dimension 2n + 1 with Lie algebra h n C = V 1 ⊕ V 2 , where V 1 = span{h 1 , . . . , h n , k 1 , . . . , k n } ≅ C n and V 2 = span{K} ≅ Im C ≅ R.
The group we examine in this paper is the quaternionic Heisenberg group H n H . It appears similarly to the complex Heisenberg group H n C as a horosphere, but now in the quaternionic-hyperbolic space Sp(n, 1)/ (Sp(n) × Sp(1)).
Definition. The n-th quaternionic Heisenberg group H n
H is the unique simply connected Lie group with Lie algebra h n H generated by B H := {h 1 , . . . , h n , i 1 , . . . , i n , j 1 , . . . , j n , k 1 , . . . , k n , I, J, K}
for all m ∈ {1, . . . , n} and with all other brackets of generators equal to zero. This is a 2-step nilpotent Lie group of dimension 4n + 3 with Lie algebra h n H = V 1 ⊕ V 2 where V 1 = span{h 1 , . . . , h n , i 1 , . . . , i n , j 1 , . . . , j n , k 1 , . . . , k n } ≅ H n and V 2 = span{I, J, K} ≅ Im H, where H denotes the Hamilton quaternions.
These nilpotent Lie groups are representatives of a large class of nicely behaving Lie groups:
Let G be a stratified nilpotent Lie group. Then for every t > 0 there is an automorphismŝ t : g → g which maps v ∈ V j to t j v j . We denote the corresponding automorphism exp ∘ŝ t of the Lie group by s t . 
A technical criterion for lower bounds
For our proof of the lower bound on the (n+1)-dimensional filling volume function of the quaternionic Heisenberg group H n H , we will apply a technique based on Stokes' theorem. 
3) s * t η = t s η, then one has F m+1 G (l) ≽ l s/r .
Burillo used this criterion to compute lower bounds on the filling volume functions of the complex Heisenberg group H n C . We use this criterion as well as the property that H n H contains H n C . The change from the complex to the quaternionic Heisenberg group complicates the construction of the form η, as there are more non-trivial brackets and therefore G-invariant (n + 1)-forms with s * H | 419
We start the construction of η by defining some special n-forms. For this let v 0,m := h * m and v 1,m := i * m for m ∈ {1, . . . , n}. Further let A even := {a ∈ {0, 1} n | ∑ n m=1 a m is even} and A odd := {a ∈ {0, 1} n | ∑ n m=1 a m is odd}.
We define the n-forms v(a) := v a 1 ,1 ∧ v a 2 ,2 ∧ ⋅ ⋅ ⋅ ∧ v a n ,n for a ∈ {0, 1} n and assign them 
